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The proposition of the moditied Sen index (the 557 index) for measuring poverty inten-
sity represents an important sdvance in the lerature of poverty measures. This index is
useful in erapirical research on income distribution and poverty because i satisfies a set
of desivable properties while the Sen index and some other indices do not. This indexis
symmetric, monotonic, vontinuous, homogeneous of degres zero in incomes and the
poverty line, and consistent with the transfer axiom. It also admits a useful geometric
interpretation. Hence, there 13 a considerable interest on the part of economists to apply
this measure 10 sample income data in order o draw valid statistical inference abowt
poverty intensity. This paper examines the asymptotic distribution of the SST index
estimator, and proposes g useful st for comparing two population 55T indices over
time or across states. This test can be used for evaluating the deprivation dominance
relationship among income distributions.

1. INTRODUCTION

Research on poverty indices has received considerable attention since Sen (1976)
propased 2 poverty index and a set of desirable criteria for evaluating a poverty
index. ! Poverty indices differ from the headeount ratio? or income gap ratio” in
that they are designed to combine these two measures with a third dimension:
income inequality amongst the poor. The measures of poverty intensity are useful
for expioring the extent of poverty amongst the deprived population. That is one of
the most important considerations in designing related social policies.

To measure poverty intensity, some economists attempt (o refine existing pov-
erty indices. The Sen index is not replication Invariant, not continuous in individ-
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ual incomes, and fails to satisfy the transfer axiom. However, a desirable poverty
index should be replication invariant. In other words, the value of the poverty
index for the combination of two identical populations is the same as the value of
the poverty index for any one of two identical populations. A desirable poverty
index should be a continuous function of individual incomes. A desirable poverty
index should also take a lower value when a transfer occurs from a poor individual
to someone whose income is higher. Having noted these, Shorrocks (1995} pro-
posed a modified Sen index for measuring the intensity of poverty. Zheng (1997)
notes that this modification is identical to the limit of Thon’s modified Sen index
{19793, Hence, the index is referred 1o as the Sen-Shorrocks-Thon {or 58T) index.
This new index is replication invariant, continuous in individual incomes, homo-
geneous of degree zero in individual incomes and the corresponding poverty line.
it is consistent with the transfer axiom. It is normalized to take values in the range
from zero to one. It also admits a geometric interpretation.”

There is a considerable interest on the part of economists to apply this index to
sample survey data in order to draw valid statistical inferences about poverty inten-
sity. Bconomists rarely have the luxury of obtaining income data from the whole
population. They have no choice but use sample survey data to get useful informa-
tion about the underlying population. While other authors studied the statistical
inferences of different aspects of poverty measures, this paper focuses on the
method of statistical inference for the population 587 index and the bootstrap
method (see, for example, Bishop, Chow, & Zheng, 1995; Davidson & Duclos,
199€; Osberg & Xu, 1997, 1998; Rongve, 1997, Preston, 1995; Zheng, Cushing,
& Chow, 1995),

This paper tries to answer the following questions: (1} Can we use the sample
data to estimate the 88T index? (2) If the answer to question {1) 15 a yes, how reli-
able is the estimate? (3} If the reliability of the 857 index estimates can be charac-
terized by a variance (standard deviation), is there any simpler way to estimate the
variance (standard deviation)? {4} If there exists a simpler way, can one establish
a test statistic so that two index estimates can be compared based on a sound sta-
tistic foundation? The answers to these questions must be provided based on the
analysis of the 88T index and some of the existing statistics literature. This paper
shows that the 857 index can be estimated based on sample data using equation (2)
in section 2. Since the estimate may be affected by sampling variation, it is useful
to understand the vanance (standard deviation) of the S8T index estimator. Lem-
mas | and 2 in section 3 provide the premises that are used to show that the SST
index estimator is normally distributed (Proposition 1), and that there exists an
analytical expression for computing the vanance {standard deviation) of the 88T
mdex estimator (Proposition 2. The normality of the 85T index estimator is an
important condition for establishing a test for comparing two SST index estimates
(Proposition 3). This paper also introduces the bootstrap method for estimating
consistently the variance (standard deviation) of the S8T index estimate. The boot-
strap method is implemented in the following steps: (1) randomly draw a new sam-
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ple from the original sample with replacement and compute the S5T index based
on the new sample; (2) repeat step (1) many {say 100) umes; and (3) compute the
vanance {standard deviation) of the 88T index estimate based on the collection of
index estimates from the new samples. This paper uses the proposed procedure to
evaluate changes in poverty intensity in the United States in 1969, 1979, and 1988,
Although the individual mean income increased from the late 1960s to the late
19805, poverty intensity increased significantly during the examined peniod, as
shown by the S8T index estimates and related test results,

The remainder of the paper is organized as follows. The SST index and some
notation are introduced in section 2. In section 3, the asymptotic distribution of the
SST index estimator is derived, and a statistical test for comparing two population
S8T indices is proposed. Some llustrative empirical examples are given in section
4. Finally, concluding remarks are offered in section 8.

2. THESST INDEX AND SOME NOTATION

The population SST index s proposed assuming that all the income data of a pop-
ulation are known and nonstochastic. Let such an N-person population income
vectorbe ¥=[Yy, ¥y,....¥y |, and the ordered population income vector ¥y = [y,
Y;Q}?, o Yol such that Yy S ¥y £ .0 £ Yy Let Z > 0 be the population poverty
line and ¢ be the number of people in the population whose income is less than the
poverty line Z. For the i-th poor person, the poverty gap is given by Z - ¥, The
population SST index is defined as (see Shorrocks, 1995):
1 e Z-Y
-y 2 {21"1 T })M*i;""m

oo

P2y = (1)
P{Y, Zy can be computed based on equation {1} if the population income vector is
known.

However, the population incomes are usually unknown and inferences must be
drawn from sample information. To consider the issue of statistical inference
regarding the SST index, let y = [y, ¥5...., ¥,] be a random sample of incomes
from a random variable ¥ with a cumulative distribution function Flud = P(Y £ )
and a probability density function f. The ordered observations are given by yy =
iy Yoy Yol Let g be the number of poor people in the sample whose income
is below the sample poverty line. There are two general approaches for treating the
poverty line in the statistical inference. One treats the poverty line as given so that
Z = 7 {see Rongve, 1997}, The other defines the poverty line as a function of the
median of the income distribution {say half the median income) so that it is neces-
sary to differentiate the population poverty line Z and the sample poverty line z. z
can be viewed as an estimator of Z. The sample counterpart of the population SST
index is computed by:
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1 g 2V ,,
Plyviz) = ~ 3 (Zn-2i+ 1) z (23
1w
Alternatively, the above index can be written as
HI Iy ,
Plyiz) = ;ii»’&' (I “{E}i"’o}’ 3)
where W= [‘ZM E 2~ E sl M] , 1is a g x 1 vector of ones, and Vo =
iR # n

Dy Yy Yl 1s ag x 1 vector of incomes of the poor truncated from yo=[yay

. f Py . .
Y2y oo Yoyl The elements in (I e ( :]3’{}} and W are arranged in descending order.
' AN A A

This alternative expression of P(y; 2) is used to derive the asymptotic variance of
the SS8T index estimator.

3. ASYMPTOTIC DISTRIBUTION OF THE
SST INDEX AND RELATED Zp(y,zy TEST

Since the SST index estimator is a linear function of order statistics with a suitably
chosen weight function, the result due to Stigler (1969, 1974) directly applies to
Pi}v; z). Let J be such a weight function, and ¥¢iy the i-th sample order statistic. Let
o, Frybe

OXJF) = S8 JF@)J(F0)[F(min(e, v)) - Fa)F(v)]dudy, 4)

where w and v are in the support of . As shown in Lemma 1, Stigler (1969, 1974)
demonstrates that a linear function of order statistics of the form

#1
e 4 o
S, = P S Ji/(n+ 1)}}5(53 5
fa
is asymptotically normal under a set of conditions.”

X g A . . .
Lemma LIf Ey. s finite, and J is bounded and continuous almost everywhere for
the inverse function of the cumulative distribution Junction F, then

lim  no’(S,) = 6°(J, F). (6)

7~y o

Also, if 6*(J.Fy > 0, then
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GBS d no, 1y )
o(5)

A result of Ghosh (1971), which makes minimal assumptions on the population, is
useful for deriving the analytical expression for the asymptotic variance of the 88T

index estimator. Denote the truncated vector of order statistics Yo = Dy

Y2y }~(Q}§’ 4% the VeCior of  sample quantiles Yo =
2 : e cpid el " A
gyiifm;}}’ };{nggy s y{{ﬂqu)} , corresponding to a set of suitably chosen pj’s

suchthat Q< py<py <. <p ¢ = 1, where [] is an integer eperamrﬁ ‘The population
quantiles comesponding to the sample quantiles is denoted by £ =

€,

tions, the vector of sample quantiles has the asymptotic normal distribution with
mean & and asymptotic variance-covariance matrix 2.

; £ oy £ pq}’, The following lemma shows that under minimal assump-

Lemma 2 If 0 «:‘ﬁ{(épk} forj=1,2,...,q, then
K

- d ‘
Eﬁi{y{{nm}}m%pt}’“""‘f‘;z{y{[fl;?qz}mig}q)} = /I}{}*Qw@}»@N{G,Q} L (8)

where the elements Wy of Q are given by
» ( Pl-py)

BT UFE NFE N

FE,)FE, D

Given Lemma [, Proposition 1 shows that the SST index estimator also has an

asymptotic normal distribution. This result is useful for our discussion of the
Zyp(y.y -test discussed later in the paper.

J Joralijandj, andj <j’. 9y

Proposition 1 If P(y;z) satisfies the conditions in Lemma 1, then

(P(yiz)~EP(y;z)) 4
a(P(yiz)) N0 L.

Proof. P(y;z) is a special case of S, and satisfies the conditions of Lemma 1.
Hence, the above result follows.

The following proposition demonstrates the analytical expression of the asymp-
totic variance of the SST index estimator.

Propoesition 2 The asymprotic variance of the SS8T index estimator is
given by
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2, L
G (Pyz)) = =5 Waw,
nz

where L is defined in Lemma 2.

Proof. According to equation (3) and Lemma 2, P(y;z) is a linear function of v,
The asymptotic variance of P(yz) is obtained by the delta method.

To estimate £, the probability density function evaluated at E;p p f& sfg,} , in

equation (9) needs to be replaced with the empirical probability density function
evaluated at Yip.y 7 Yip ) which is curnbersome to wmpmﬁ? A simple but com-
K i

puting-intensive alternative, the bootstrap method (see Efron, 1979, 1982: Efron &
Tibshirani, 1986), is used to estimate consi stently the variance (standard deviation)

for the SST index estimator [§ %(P(y:2)].

When two sample SST indices [say P O 2oy and P (y ;7 )] are estimated for
two sample income data sets {say {y,, z,} and {y,, 2y }] that are from two data gen-
erating processes [say ¥, and ¥ b1, the comparison between the two population SST
indices [say P(Y,; Z, ) and P(Y, b Zp)] can be made directly, and a standard asymp-
totic Zp(,..,-test can be implemented for

Ho: P(Y2Z,) - P(YyiZp) = 0 against Hy, : P(Y, aily) - P(Y1:2,) > 0.

The null hypothesis states that the population 88T indices for ¥, and Yy are iden-
tical, while the alternative hypothesis states that the population SST index for ¥, is

greater than that of Yy, which implies that poverty intensity for ¥}, is lower than that
of ¥,3

Proposition 3 If ¥, and Y, are independent, the asymptotic Z
lest statistic has the following asymprotic distribution:

Corems™
T}

Pz, = Plyyizy) d
SN, 1)

Z

Plyiy = [2 7 N
NO (Plyiz, N+ 67 (Ply,z,))

Proof. Since each SST index estimator has an asymptotic normal distribution, the
Z ppy,y-test statistic is a standardized difference of the two estimators, its asymp-
totic distribution must be normal.

Due to the limited space, the satisfactory simulation results of the finite sample

properties and the power of the test are not reported here, but they are available
upon request,
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Fable 1
The §87 Index for the US PSID Datac 1969, 1979 and 1988
Year 6% 7 B8

Sample size 2,206 4,173 £,244
Maximum income (51 249,755 736474 1,193,745
Minkmuns income (51 114 138 1

26,584 28,932 303,817
Std. dev. of income (8} 19,474 24,098 32,225
Poverty line (8% 11,396 12,382 12,3415
Nob. of the poor: 404 B46 1,354
The 557 index .12 {11335 (1.1557
Std, dev, of the 857 indexs {,0038 00030 D.0026

4. ILLUSTRATIVE EXAMPLES

The method of statistical inference for the 557 index is applied 1o the pre-tax indi-
vidual income data for 1969, 1979, and 1988 generated from the Panel Study of
Income Dynamics of the United States.” )

Although the selection of the poverty line is an active area of research itself,'"
the poverty line used here is based on Smeeding (1991) who suggests that it be
computed as half the median of an income distribution.!! Table 1 shows the max-
imum, minimum, mean, and standard deviation of the pre-tax income data, the
poverty line, and the number of the poor for 1969, 1979, and 1988, respectively.
These numbers do not provide sufficient information for evaluating changes in the
poverty intensity. Sometimes they could be even misleading. To understand the
state and changes of poverty intensity, the SST index and its statistical inference
procedure could be used. As shown in Table 1, the sample SST index 15 0.1201 for
1969, 0.1335 for 1979, and 0.1557 for 1988, Based on these sample estimates, it
appears that poverty intensity in the United States increased over the examined
Years.

Without a measure of sampling variation of the sample estimator of the popula-
tion S8T index, a researcher cannot conclude whether a difference between two
sample SS8T indices reflects the true difference between the two population SST
indices or merely the discrepancy due to sampling variation. Hence, it is necessary
to compute the variance (standard deviation) and perform the Zp..y-test. In Table
1, the standard deviations are provided based on the bootstrap method. To test the
null hypothesis that the S5T index for 1988 is equal to that for 1979 against the
alternative hypothesis that the two are not equal, the Z Pz tEST statistic turns out
to be 5.5919 and its p-value is 1.1227 x 10", For the null hypothesis that the SST
index for 1979 is equal to that for 1969 against the alternative hypothesis that the
two are not equal, the Zp(,.-test statistic is valued at 2.7698 and its p-value is
0.0028. The results indicate that the changes (or increases) in poverty intensity
aver the years could not be viewed as statisically tnsignificant. The evidence sug-
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gests that poverty intensity in the United States had indeed increased over the last
three decades although the pre-tax income level had also increased from $26,596
m 1969 to $30,817 in 1988, Indeed, poverty was significantly more intense in
1988,

5. CONCLUDING REMARKS

The proposition of the SST index represents an important advance in the literature
of poverty measures. This paper has proposed a method of statistical inference for
the population SST index, which is necessary for applying the theoretical measure
to sample data in empirical work. The statistical issues discussed in the paper ma
help to foster the application of the ST index in social and economic research.’

in response to the need for applying the SST index of poverty intensity to sam-
ple data, this paper provides the statistical justification for its asymptotic proper-
ties. It shows that the asymptotic distribution of the SST index estimator is normal,
and that a Zp(,y-test can be used to evaluate changes in poverty intensity of one
population over time or examine the dominance relationship between poverty pro-
files of two populations at one point in time.

The method of statistical inference for the population SST index is relatively
zasy 10 apply. Since the standard deviation of the 58T index estimator is somewhat
complex to compute, this paper suggests that it be computed by the bootstrap
method. As the computer becomes more powerful and computing more economic,
the computing-intensive method is relatively simply to implement. As illustrative
examples, the method of statistical inference is applied to the United States sample
income data for 1969, 1979, and 1988. The results show that the differences
among the poverty intensity measures in 1969, 1979, and 1988 are statistically sig-
nificant and that poverty intensity was significantly more intense in 1988,
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NOTES

1. Bee, among others, Atkinson (1987) Besley {1990}, Blackorby and Donaldson (1980,
Dronaldson and Weymark (1986), Foster, Greer and Thorbecke {19843, Foster and Shorrocks {1988,
and 1991), Takayama (1979) and Thon (1979, 1983} In addition, Kakwani (1980), Foster {1984,
Hagenaars {1986), and Seidi (1988) have provided useful surveys of this literature,

2. Thatis defined as the proportion of the poor it the total population.
3. Thatis defined as the ratio of average income gap of the poor to the poverty line,
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4. See Shorrovks (1993 for details regarding the properties of the index.

5 One underlying assumption is that the sxtremal order statistics do net contribute too much
o 5, [see Stigler (1969, 19743, This reflects the basic characieristics of the poverty gap data because
they are bounded and unlikely to have extreme values.

& The p;'s can be selected s0 that represent all sample observations of the income levels that
are less than the poverty Hne. In sctual implementation of this test, there is 80 need w specify the per-
centiles if the bootstrap method is adopted. The theoretical argument presented here is to show that
the 3571 index sstimator has an asympiotic normal distribution.

o Bee Sidverman {1986) for a variety of the density estimation methods,

g, A researcher may change the greatec-than sign for the abiernative hypothesis to either less-
than or nut-equal-to sign depending on the purpose of the test.

9. The data are kindly made available by E. Maasoumi of the Department of Economics at the
Southern Methodist University.

1 Fisher (1992) provides a survey on the development and history of the poverty thresholds
for the US economy, in which the Hmitations of the poverty thresholds are evaluated. Vaughan
(1993 explores the vse of the public’s views to set income poverty thresholds, and finds that, since
the late 1960°s, the Income lovel of the official measure had fallen below the Gallup-basesd threshold
uniil 1989,

1h. The fixed poverty line may also be used, but this will not affect the purpose of this demon-
stration.

12, Osberg and Xu (1997, 1998) extend the work presented in this paper and show that the 887
mdex can be decomposed info the headcount ratio, average poverty gap ratio, and overall Gini index
of poverty gap ratios. Bome geonomists at Statistics Canada also work on poverty issues using the
557 index.
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