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ABSTRACT 

Given the multiplicative decomposition of the Sen index into three commonly used poverty 

statistics – the poverty rate (poverty incidence), poverty gap (poverty depth) and 1 plus the 

Gini index of poverty gap ratios of the poor (inequality of poverty) – the index becomes much 

easier to use and interpret for economists, policy analysts and decision makers in addition to 

its desirable axiomatic properties. Based on the recent findings on simultaneous subgroup and 

source decomposition of the Gini index, we further decompose the Sen index and its 

components. This extension would be of value from both theoretical and empirical 

perspectives. 
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I. INTRODUCTION 

Finding appropriate measures for inequality and poverty is of great significance to 

economists, policy analysts, and decision makers.2 On one hand, these measures provide the 

true state of an economy or a society where inequality and poverty issues must be addressed. 

On the other hand, these measures must be assessable and understandable by economists, 

policy analysts and decision makers.  

Over the last few decades, the literature on inequality and poverty measures has evolved 

significantly. One of the important developments was the proposal of a poverty measure made 

by Amartya Sen [22], now called the Sen index. This index is attractive because it measures 

not only the commonly used poverty rate (or headcount), but also the average poverty gap (or 

average relative income shortfall of the poor below the poverty line), and the inequality of the 

poor. Using this index would not lead to the undesirable poverty-reduction actions such as 

providing a small amount of additional income assistance to the richest of the poor, which 

would lead to the reduction of the poverty rate but not the poverty gap and inequality of the 

poor. 

More specifically, as noted by Xu and Osberg [28, 29], the Sen index is easy to use and to 

understand precisely because of its decomposability into three measures of poverty: incidence 

(the poverty rate), depth (poverty gap), and inequality (1 plus the Gini index of poverty gaps). 

Naturally, economists and policy analysts would like to know whether it is possible to further 

decompose the Sen index components according to social groups (subgroup decomposition: 

age group, educational, regional, etc.) or consumption/expenditure/income sources 

(consumption source decomposition: food and non-food consumptions; expenditure source 

decomposition: consumption bundles; income source decomposition: labour income, 

                                                            
2 For example, Ghiglino and Sorger [11] note that poverty trap has a lot to do with the wealth distribution. In this 
context, how to best measure poverty becomes an important task. 
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investment income, social assistance, child-support benefits, etc.).  This note will address this 

question with some new findings.  

In particular, consumption and expenditure source decomposition is a common practice in 

poverty research in developing countries. This is because absolute poverty is a major problem 

in developing countries while relative poverty is more focused on in developed countries. 

Typically, the minimum consumption bundle is used to set up the poverty line that represents 

minimum food and non-food consumption items to satisfy the minimum calories (around 

2000-2400) and some minimum non-food necessities. If one individual or a household 

commands more than what the poverty line represents, this economic unit is considered non-

poor; otherwise, it is considered poor. In this context, the source decomposition is indeed very 

important. There are two major practices in this regard – one is the direct method which 

decomposes the poverty line into food and non-food consumption items; the other is the 

indirect method which use the Engle’s coefficient to allocate the minimum expenditure into 

the food versus non-food sources (say, food 1 versus non-food 0.2-0.7 depending on the 

situation of a specific country involved).3 

The advantage for an inequality/poverty measure to possess subgroup and source 

decomposability is that this allows researchers to measure and, therefore, to understand how 

each contributing components affect the overall inequality/poverty. However, decomposition 

must be tractable in the sense that these components must have clear interpretations and 

logical relations to the aggregate inequality/poverty measure. Furthermore, decomposition can 

facilitate the communication between researchers and policy markers. From the technical 

point of view, economists sometimes require the decomposed parts to be additive for the 

whole of these parts. This requirement rules out many widely used inequality/poverty 

                                                            
3 The two approaches are reported by participating countries at the 2004 International Conference on Official 
Poverty Statistics in Manila, Philippines, Oct. 2-6, 2004. 
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measures such as the Gini index and Sen index that are not viewed as additive decomposable 

or subgroup consistent (see Shorrocks [23], Foster and Shorrocks [10]). 

However, Lambert and Aronson [15], among many other contributors, summarized and re-

interpreted the subgroup decomposition of the Gini index while Fei, Ranis and Kuo [9] 

discussed the source decomposition. Rao [20] considered both subgroup and source 

decomposition. Silber [25] also used a matrix algebra approach to deal with subgroup or 

source decomposition. Recently Mussard [17, 18] proposed a new way to decompose the Gini 

index from two different but related perspectives; that is, the decomposition permits a 

transparent link between subgroup decomposition and source decomposition. It is well known 

that the Sen index has three decomposable components: the poverty rate, average poverty gap 

ratio and one plus the Gini index of inequality of poverty gap ratios. As pointed in Xu [26] 

and Irvine and Xu [13] that each of these components is subgroup decomposable. But these 

papers do not discuss source decomposition and how source decomposition is related to 

subgroup decomposition in a transparent way. 

The aim of this paper is therefore to analyze how the Sen index and its components can be 

decomposed jointly by source and subgroup. This is because such a discussion may shed 

additional light to the measurement of poverty in terms of identifying sources of income 

shortfalls and most affected social subgroups. On the technical level, this note will use the 

results in Xu and Osberg [28, 29] and Mussard [17, 18] to obtain the theoretical findings on 

the multidimensional decomposition of the Sen index.  

The remainder of the paper is organized as follows. In section II, notation and identification 

issues are introduced and discussed. Section III introduces the available relevant results that 

are applicable to the rest of the analysis in the paper. In section IV, the multidimensional 

decomposition of the Sen index is examined. The properties of the multi-decomposition are 

then evaluated in section V.  Finally, in section VI, a brief conclusion is provided. 
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II. NOTATION AND IDENTIFICATION 

Researchers engaging in poverty studies must make two fundamental decisions: (1) 

identifying the poor, which involves establishing a suitably selected poverty line or threshold, 

and (2) finding a good poverty measure, which is often debated and justified on the basis of a 

set of commonly agreed rules called axioms. For the first decision, it is largely a 

responsibility of the social planner and statistics administrator. For the second decision, 

before the central finding of the Sen index in 1976, the commonly used measure of poverty 

has been the poverty rate or headcount. Now, it has been recognized that the poverty rate is a 

misleading measure of poverty because, unlike the Sen index, it only measures the incidence 

of the poverty but ignores the depth and inequality of the poor. 

 To facilitate the further discussion, now introduce some notation. Let the number of 

consumption/expenditure/income units, say individuals, in a population be n and the number 

of the poor individual whose consumption/expenditure/income below the poverty line z in 

consumption/expenditure/income be q. In this population there are K distinct subgroups. In 

subgroup k there are total nk individuals and qk poor individuals. The overall poverty rate is 

n
qH   =  and the poverty rate for subgroup k is

n
q

H
k

k
k   =  with Hn

nH k
K

k
k∑=

=1
. 

Given consumption/expenditure/income of the poor individual yi and the poverty line z, one 

can define the poverty gap (sometime called relative poverty gap or poverty gap ratio) as: 

 yzz
yz

x i
i

i




 >∀
−

=
 otherwise  0

    ,                  (1) 

for all q poor individuals. Then, the vector of poverty gaps of the poor is given by: 

( )xxxx qip  ,...,  ,...,  1= . 

Now, consider a partition of each yi into M sources ( )M
i

m
iii yyyy  ,..., ,...,  1=  such that: 

yy i
M

m

m
i   

1
=∑

=
.                (2) 
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In other words, the total consumption/expenditure/income of an individual is the sum of all 

consumption/expenditure/income components received by this individual. For simplicity of 

our discussion in this paper, we focus only on income sources (factor component) not on 

consumption or expenditure although consumption or expenditure is often used in practice.  

The identification of the poor is based on to whether or not the income of an individual 

income yi falls below the poverty line z. Obviously, this criterion is also applicable to any 

subgroups. However, when we attempt to analyse the contributions of shortfalls in income 

components to shortfalls in overall income, we have to consider and accept a condition, that is, 

the poverty line can be suitably decomposed according to different sources:  

zz
M

m

m   
1

=∑
=

.                (3) 

How to determine the values of zm’s depends on the norm on how much money an average 

individual is supposed to receive from source m as minimum levels (zm’s). Of course, the 

normal is unlikely to be unique given various social and economic conditions of individuals. 

However, for poverty analysis in developing countries, the minimum food and non-food 

consumption (and, hence, their components) can be appropriately determined. The former is 

based on the basic calories and protein required while the latter is settled by the normal 

minimum need of the local standard.  

A numerical example can be used to explain the above point. Let the poverty line z be 5 in a 

society where there are two poor individuals. They have two 

consumption/expenditure/income sources: 1 (food items) and 2 (non-food items). The total 

consumption/expenditure/incomes for the first and the second poor individuals are 

respectively: 

yyy 2
1

1
11   +=  = 3+1 = 4, 

yyy 2
2

1
22   +=  = 2+1 = 3.  
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In order to make source decomposition operational, introduce the following additional 

condition for this numerical example: 

( ) ( )
z

yzyz
z

yz  x iii
i

2211
  

−+−
=

−
= .              (4) 

The question is: what will be suitable z1 and z2? Because all of the poor people have income 

less than z, their average total income must be less than z and the sum of the averages of all 

components must be less than z. Hence, z1 and z2 can be set either by the experts’ view as to 

food versus non-food needs or proportionally to the averages of all components of the 

reference poor population (say 20 or 40% of the low income group of the total population). 

The first choice is simple to understand. The second choice differs from the first in that 

decomposition of z is made according to the average income source structure of the reference 

poor population. More specifically, 

( ) ( )

( ) ( ). 7
2 5   34
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5 5   34
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21

2
2

2
12

21

1
2

1
11

=+
+=











+
+

=

=+
+=











+
+

=

yy
yy z z

yy
yy z z

                           (5) 

As a result, this leads to: z = z1 + z2 = 5. Then, the general configuration of the poverty gap 

involving the source decomposition is: 

z
yz  x

m
i

m
m
i

−
= ,                (6) 

where xm
i  is the poverty gap in source m of individual i such that xx i

M

m

m
i   

1
=∑

=
. Such a 

decomposition of z has an important feature. That is, while xi is nonnegative, its components 

sx m
i '  can be positive, or zero, or negative implying that the income component ym

i  is less 

than, or equal to, or greater than the chosen benchmark zm.   

Then, it is possible to define the total income shortfall of individual i who is in subgroup k:  
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 z
xz  x ik

ik
−= .                    (7) 

Now, the poverty gap in source m of individual i in group k is: 

 z
xz  x

m
ik

m
m
ik

−= .                   (8) 

Then, the average poverty gap for the population and that for subgroup k are  

∑=∑=
==

q

i k

ikkp
q

i
i

p
k

q
x  xq

x  x
1

)(
1

  and  ,             (9) 

respectively. These two average gaps are related as follows: 

 .  )(
1

kp
K

k
k

p xq
q  x ∑=

=
                      (10) 

 

III. SOME EXISTING RESULTS FOR MULTIDIMENSIONAL DECOMPOSITION OF THE SEN 

INDEX 

The findings of this note will be based on some earlier findings in Xu and Osberg [28, 29] and 

Irvine and Xu [13]. It is noted that multiplicative decomposition of the Sen index and a 

further subgroup decomposition of each component are possible: 

( )GxHS p += 1  

⇔     ( )( )GGGxq
q

Hn
nS tbwkp

K

k
k

k
K

k
k +++×∑×∑=

==
1      )(

11
,                           (11) 

where  G is the Gini index of poverty gap ratios of the poor, Gw is the contribution of the 

inequalities within K subgroups, Gb is the contribution of the inequalities among K subgroups 

excluding the overlap between the distributions of these groups, and Gt is the inequalities 

between K subgroups limited to the overlap between the conditional distributions or the 

intensity of transvariation (see Gini [12], Dagum [2, 3, 4, 5, 6]). Note that here Gw, Gb, and Gt 

are not Gini indices in their original sense. Rather, these are quantities for inequality of 

different kinds Dagum names Gw ‘the Gini inequality within subpopulations’; Gb ‘the net 



 
 

10

extended Gini inequality between subpopulations’ and Gt ‘the intensity of transvariation 

between subpopulations’. However, Xu and Osberg [28, 29] and Irvine and Xu [13] do not 

suggest any source decomposition for the Sen index. 

Mussard [17, 18] addresses the multi-decomposition issue of the Gini index and finds that the 

Gini index is simultaneously decomposable by income source and by subgroup: 

( ) ( )∑ +=∑ ++=
==

M

m

m
gb

m
w

M

m

m
t

m
b

m
w GGGGG G 

11
  ,             (12) 

where Gm
w , Gm

b , Gm
t , and Gm

gb  are respectively the contributions of the mth income source to 

Gw, Gb, Gt and Ggb. The latter [Ggb] stands for the gross between-group inequality. Indeed, 

following Dagum’s methodology [5], one can combine the net between-group inequality and 

intensity of transvariation as follows: 

GGG tbgb +=  .                (13) 

The gross between-group Gini index, Ggb, measures inequality between each and every pair of 

the overall population in a more complete sense than the standard net between-group Gini 

index, Gb, that only measures inequality existing among the mean incomes of all subgroups. 

This simultaneous method enables one to compute the contribution of each source to the 

quantities Gw, Gb, Gt and Ggb. Of course, the Gin index to be composed in the Sen index is for 

poverty gap ratios of the poor not incomes of the population. 

The Gini index of poverty gap ratios of the poor can be written as:  

qx

 xx
 G 

p

q

i

q

r
ri

2 2
1 1
∑∑ −

= = = ,                                               (14) 

where max 0, ,i
i

z yx
z
− =  

 
 (i = 1,…, q), is the poverty gap ratio of individual i. Note that 

poverty gap ratios for the non-poor are zeros. The Gini index of poverty gap ratios of the poor 

can then be expressed as: 
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q

r
riri

2

,min2
2

1 1
∑∑ −+

= = = ,                                                                                                   (15) 

since  

{ }( ) x  xxx  xx ririri ,min2−+=− .                                                    (16) 

For xi = xr, 0  xx ri =− ; that is, we do not decompose two x’s  when xi = xr . This condition will 

make our decomposition consistent with the aggregate Gini index. However, if i rx x≠ , we 

can decompose the term { }x  x ri ,min2  by factor components: 

{ } ,min2   2
1

x  xx ri
M

m

m*
ir =∑

=
,                                                         (17)  

where m*
irx  is an operator which selects the minimum of xi and xr and then decompose the 

minimum poverty gap (either xi or xr) by M sources. For example, if xi = { }x x ri , min  and there 

are only two sources or M = 2, then xi = xi
1 + xi

2  and ∑
=

M

m

m*
irx

1
2  = 2( xi

1 + xi
2 ). Consequently, the 

Gini index of poverty gaps of the poor can be expressed as: 

( )
. 

2

2
 

1 2
1 1∑
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 G                                              (18) 

The Gini index [Eq. (18)] is broken down into M contributions representing the weight of 

each factor component to the global inequality of poverty gaps of the poor.  

According to Dagum [5, 6], it is possible to decompose the Gini index of poverty gap ratios 

for K subgroups:    

qx

xx

qx
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G

p

K

k

k

h

q

i

q
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rhik
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k
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q
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k hk k
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1 1 1
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
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
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+
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






∑∑ −

=
=

−

= = == = = ,                                                                 (19) 

where xik is the poverty gap ratios of individual i who is in subgroup k. Therefore, the Gini 

index defined in Eq. (19) can be expressed as the sum of two components:  
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GG G gbw+= ,                                                                                                                 (20) 

where (i) Gw is the contribution of the inequality of poverty gap ratios within K subgroups (ii) 

Ggb  is the gross contribution of the inequality of poverty gap ratios among K subgroups.  

Now combine the previous two findings by substituting the source decomposition of the Gini 

index in Eq. (18) into the subgroup decomposition in Eq. (19) giving 
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 = ( )∑ +
=

M

m

m
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m
w GG

1
, 

where *  m
irkhx is the mth source of the minimum value of xik and xrh (that is m

ikx  or m
rhx ), and 

*  m
irkx is the mth source of the minimum value of xik and xrk (that is m

ikx  or m
rkx ). The within-

group and the gross between-group elements are decomposed by income source. 

The decomposition in Eq. (21) highlights the possibility of decomposing the Gini index 

simultaneously according to income source and subgroup (see Mussard [17, 18]). However, it 

is also important to note that Gm
w  and Gm

gb  are not Gini indices in their original sense. In fact, 

these are quantities proportional to the relative Gini differences (see Xu [27, p. 15]).  

It is well-known that the Gini index is not subgroup consistent. The concept of subgroup 

consistency of an inequality measure (SCIM) can be explained as follows. Let pk be the 

proportion of population belonging to subgroup k and sk the income share of subgroup k (∀k = 

1,…, K). A measure of inequality I satisfies the subgroup consistency property if: 

( )ssspppIII f I KkKkKk  ,..., ,...,  ;  ,..., ,...,  ;  ,..., ,...,  1 1 1= ,               (SCIM) 

where f is increasing in its first K arguments. In other words, consider a situation where group 

k has a change in incomes, ceteris paribus, such that the mean income and the number of 

individuals remain constant. The measure of inequality is said to be subgroup consistent if an 
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increase (or a decrease) in group k’s inequality leads to an increase (or a decrease) in the 

overall inequality. In this clearly defined way, the Gini index is not subgroup consistent (see 

Shorrocks [24]). Neither is the Sen index.  

Now let us review the concept of subgroup consistency of poverty measures (SCPM) due to 

Foster and Shorrocks [10]. Let A and B be two distributions within an aggregate distribution 

of the two sub-distributions (A, B), P(. ; z) an index of poverty, and n(A) the number of 

individuals in distribution A.  For simplicity, two distributions A and B may change to 

distributions A’ and B’. Also assume the number of observations n in these distributions 

maintains the following properties: n(A) = n(A’) and n(B) = n(B’). If poverty increases when 

distribution A’ changes to distribution A so that P(A ; z) > P(A’ ; z) while poverty in 

distribution B remains the same, then the overall poverty level increases :                               

P(A, B ; z) > P(A’, B ; z).                                                                                (SCPM) 

While subgroup consistency is a useful concept for constructing inequality (poverty) 

measures, it can be also argued that some other principles may be just as important. Pyatt [19] 

notes that the Gini index enables the interpersonal comparison between each and every pairs 

of individual’s incomes. Behind this insight, quite consistent with the sociological findings, is 

that the relative position of an individual in an income distribution has substantial impact on 

the sense of inequality (poverty). Sen [21] also argues that “ [I]n any pair-wise comparison 

the man with the lower income can be thought to be suffering from some depression on 

finding his income to be lower. Let this depression be proportional to the difference in income. 

The sum total of all such depressions in all possible pair-wise comparisons takes us to the 

Gini coefficient.” 

The above views highlight an interesting and powerful point. When inequality (or poverty) 

decreases in one subgroup, say group 1, and remains constant in other subgroups, the overall 

inequality (poverty) can increase if the individuals of other subgroups feel that their relative 
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rankings are not improving at the same rate from the change in inequality (poverty) of group 

1. This intuitive argument indeed violates the often-cited subgroup consistency. However, it is 

accommodated by the Gini index of inequality, and hence the Sen index of poverty intensity, 

since these two indices employ the Gini social welfare function implicitly (see Xu and Osberg 

[29]) and both involve all the interpersonal comparisons (see also Dagum [7] and the related 

pair-based measures of income inequality of Kolm [14]).  

With the same token, the interpretation of the Gini, and hence Sen, index is sociological 

consistent but not necessarily subgroup consistent. An interesting case about the third 

subgroup component of the Gini index Gt, it is not subgroup consistent but it measures the 

intensity of transvariation and still makes sense in the subgroup decomposition context – a 

positive value of this term can be interpreted as a factor contributing to the overall inequality. 

Of course, this notion is not new at all. It was also introduced by Gini himself in 1916 and 

extended by Dagum [2, 3, 4] later.     

Because of the above observations, many authors still consider the decomposition of the Gini 

index, and hence the Sen index, represents a valuable exercise from theoretical and practical 

point of view (Battacharya and Mahalanobis [1], Rao [20], Pyatt [19], Silber [25], Lerman 

and Yitzhaki [16], Lambert and Aronson [15], Dagum [6, 7], Deutsch and Silber [8], for 

example). It becomes apparent that subgroup consistency is a useful concept but it should not 

limit our use of many inequality (poverty) measures that are attractive in other ways. 

In this note, it is noted that the Sen index is not subgroup consistent. However it should not 

pose any problem for us to explore decomposability as many earlier authors did. As may be 

illustrated later in the paper, the proposed decomposition is indeed useful.   
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IV. AN EXTENSION: THE MULTI-DECOMPOSITION OF THE SEN INDEX AND ITS 

COMPONENTS 

Rewriting the decomposition in Eq. (11) using Eq. (13) yields:  

( )( )GGxq
q

Hn
nS gbwkp

K

k
k

k
K

k
k ++×∑×∑=

==
1      )(

11
.                           (22) 

 

Remark 1.   

The Gini index measures the inequality of poverty gap ratios, instead of that of incomes, of 

the poor. Further, the component of the Sen index, 1+(Gw+Ggb) = 1+G, is an extended Gini 

index of inequality of poverty gap ratios that takes value in [1, 2].4 

 

Proposition 1. 

If there exists a partition in factor components of both incomes and the poverty lines, then the 

Gini index of poverty gap ratios of the poor is multi-decomposable and the multiplicative 

decomposition of the Sen index is permitted. 

Proof. 

Given (6), (12), (13) and (22), the Sen index can be written as: 

( ) 


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
 
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 ∑ ++×∑×∑=
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k GGxq
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nS

1
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11
1    .      (23) 

      

This mixture decomposition is potentially useful for applied researchers because it permits 

source and subgroup decomposition of the determinants of the overall poverty. Let Ge be the 

extended Gini index of inequality5: Ge = 1+G. If Ge is multi-decomposable as in Eq. (21), 

then source and subgroup contributions to Ge can be obtained.  

                                                            
4 This term can be interpreted as a measure for inequality aversion, which is studied thoroughly by Zheng [30].   
5 In this case the extended Gini index of inequality Ge belongs to the close interval [1,2].  
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Proposition 2. 

The extended Gini index of inequality is multi-decomposable. 

Proof. 

The extended Gini index of inequality is defined as: 

qx

  xxqx
 G G

p

q

i

q

r
rip

2

2
1 2

1 1

2

e

∑∑ −+
=+= = = .                      (24) 

The denominator can be rewritten such as: 

( )∑∑ +=
= =

q

i

q

r
rip xxqx

1 1

2   2 .                                 (25) 

Then, the extended Gini index of inequality becomes: 
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Note that term A is: 
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and term B is: 
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To reach an exact multi-decomposition without redundant term, A and B must be 

decomposable both by subgroup and income source. As we have pointed out before, a good 

way to decompose inequality indexes by subgroup is to use the interpersonal comparisons. 

Gathering these comparisons within subgroups and between subgroups (between each and 

pairs of subgroups), we have: 
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Moreover, term A is multi-decomposable by both subgroup and income source into K 

subgroups and M income sources. By applying the source decomposition over the subgroup 

decomposition we get:  
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Given the multi-decomposition of term B [Eq. (21)], the multi-decomposition of Ge is: 
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Therefore, the extended Gini index of inequality is decomposable by both source and 

subgroup. This implies that both the contribution of source m to within-group equality Gew 

and the contribution of source m to between-group equality Gegb  can be computed.  

 

Corollary 1. 

The multiplicative decomposition of the Sen index involves the multi-decomposition of the 

extended Gini index of inequality. 

Proof. 

It is straightforward:  
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Consequently, it is possible to measure the contribution of poverty gap ratios in source m in 

terms of within-group equality or between-group equality to the overall Sen index. 

 

V. PROPERTIES OF THE MULTI-DECOMPOSITION OF THE SEN INDEX 

Proposition 3.  

The Sen index permits further source decomposition of the average poverty gap ratio: 
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Proof. 
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 the average poverty gap ratio in source m for subgroup k is  
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Proposition 3 shows that the Sen index is totally decomposed by both income source and 

subgroup.  

 

Proposition 4. 

The multiplicative decomposition of the Sen index given in (22) and (32) permits the 

measurement of time variations in terms of the components of the Sen index. 

Proof.  

Given the operator ∆x = Lnxt - Lnxt-1, one can show: 

( )( )xGxHS pp +∆+∆+∆=∆ 1        .                                                                                                                     (39) 
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This decomposition indicates that the poverty rate, the average poverty gap ratio and the 

extended Gini index of poverty gap ratios of the poor yield its contribution to the variation of 

Sen index between two periods. 

 

Proposition 5. 

According to the first-order Taylor approximation, the additive decomposition of the 

contributions of components of the Sen index to the overall Sen index is permitted. 

Proof.  

( ) ( )  . 1Ln  1Ln 

LnLn Ln  Ln  

1 11
        

1
)(

1 1
  

1
)(

1
 

1 11






 ∑ ++−





 ∑ +++








∑ ∑−







∑ ∑+






 ∑−






 ∑=∆

= −=

= = −= == −=

M

m

m
gb

m
w

t

M

m

m
gb

m
w

t

M

m
km

p
K

k

k

t

M

m
km

p
K

k

k

t
k

K

k

k

t
k

K

k

k

t

GGGG

x q
q

x q
q

Hn
nHn

nS
      (41) 

Given that Ln(1+X) ≅ X (the first-order of Taylor’s approximation) then: 
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Consequently, 
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Eq. (43) provides an additive approximation of the time variations of the multi-decomposition 

of the Sen index.    

 

It is interesting to note from the proof of Proposition 5, in particular Eq. (43), a change in the 

proportion of the poor and/or the average of income shortfalls below the poverty line are 

positive related to the change of the Sen index. Furthermore, the increase of inequality 

between period t and t−1 is positively related to the Sen index’s variation. This observation 

confirms the principle of transfer in this literature on the basis of the changes in the Sen index 

over time. This is also true for the term 1+G in the Sen index since a Pigou-Dalton transfer 

decreases G (at period t) and then this decreases S (at period t), ceteris paribus.  

The variations of the Sen index [Eq. (43)] can be captured by the contribution of the 

inequality of poverty gap ratios in addition to the contributions from the poverty rate and 

average poverty gap ratio. For instance, an increase (decrease) of the Sen index, ceteris 

paribus, can be caused by an increase (decrease) in the within-group and/or the gross 

between-group Gini index of poverty gap ratios. Indeed, given that interpersonal comparisons 

are permitted, each pair of individuals (within groups or between two groups) can compare 

their source poverty gap ratios.  

The multi-decomposition of the Sen index enables the policy makers to detect precisely which 

source components (various incomes, food and non-food items, or various expenditures) are 

mainly responsible for the increasing poverty intensity. Further, the proposed decomposition 
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method allows decision makers to evaluate the impact of a economic policy on the variation 

of poverty intensity. For example, a change of fiscal policy may lead to the variation of the 

income sources such as tax and transfers across different social groups and ultimately to the 

variation of poverty intensity.  

Finally, the multi-decomposition of the Sen index can be used to evaluate the economic 

policies in a much tighter framework, which links that individual poverty gaps with M 

variables X’s describing individual characteristics, social and economic conditions and social 

policy indicators:  

εXx i
M

m

m
imi   α  

1
 +∑=

=
,                                   (44) 

where 1  1=X i , iε  is the random error term and i is a subscript for individual i. In model 

selection, the hypothesis tests, say the Student-t tests, can be implemented to single out the 

significant variables for explaining the variations in poverty gap ratios. These variables 

include, not limited to, education, work experience, health condition, region, business 

conditions, social group membership, social policy, social program, and so on. Then we can 

compute the proportion of the poverty intensity predicted by these explanatory variables in 

the total poverty intensity. 

 

Proposition 6. 

The proportion of poverty intensity attributable to a set of explanatory variables in the 

aggregate poverty intensity can be derived from the parametric multi-decomposition of the 

Sen index. 
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Proof. 

Let us rewrite the explained components: niXˆx̂ m
im

m
i  1,...,    , α   == . We still have a linear 

structure of poverty gap ratios: xx̂ i
M

m

m
i   

1
=∑

=
. Introduce it in (43), we obtain the parametric Sen 

multi-decomposition: 
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where the variables with ‘^’ are estimated with (44). This parametric multi-decomposition 

yields the contribution of the variations in poverty gap ratios and inequality of poverty to the 

overall variation of the Sen index.  

 

Corollary 2.  

The parametric Sen multi-decomposition entails the isolation of the marginal impact of each 

explanatory variables X 

m.   

Proof. 

From (45), we obtain: 
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Then, we can isolate the impact of a partial/marginal change of X 
m by using ŜŜ zm ∆∆ , where  

mz
S∆  is the Sen index with predicated values of the mth poverty gap ratio component based 

on Xx̂ m
im

m
i α   =  and the original data of other poverty gap ratio components l

ix  for l m≠ . By 

doing so, researchers and analysts can trace the roles that individual characteristics, social and 

economic conditions, and social policy indicators play in reducing poverty over time.  
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VI. CONCLUSION 

The note documents some extension of the decomposition of the Sen index. First, it shows 

that it is possible to obtain a mixture decomposition of the index along the line of subgroups 

as well as income sources. Second, it shows that the mixture decomposition can be extended 

to the possible decompositions to different time horizons. Third, the note shows that the 

logarithmic transformation permits the transformation of the multiplicative decomposition 

into an additive one. Fourth, it also demonstrates that the Taylor series approximation 

transforms the multi-decomposition of the extended Gini index of inequality into that of the 

Gini index of inequality. Fifth, the multi-decomposition can be extended into the parametric 

multi-decomposition, where a wide range of individual characteristics, social and economic 

conditions, and social policy indicators affecting poverty gap ratios can be identified and their 

impacts on poverty intensity can be evaluated.   

In addition, this note also shows that the Gini and Sen indices can be decomposed by 

subgroup but the decomposition in this context is not subgroup consistent. However, it is 

known that the subgroup decomposition of Gini and Sen indices are inherently based on 

interpersonal comparisons, which are also of great value as noted and used by Pyatt (1976) 

and Dagum (1998). This note shows that value of interpersonal comparisons and how it 

embodies in the Sen index and various decompositions associated with it.  
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